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ON THE STABILITY OF THE EULER-LAGRANGE
FUNCTIONAL EQUATION

JOHN M. RASSIAS

ABSTRACT. S. M. Ulam imposed before the Mathematics Club of the Uni-
versity of Wisconsin (in 1940) the following problem: “Give conditions in
order for a linear mapping near an approximately linear mapping to ex-
ist". Then D. H. Hyers (1941) solved this problem. In this paper we state
and prove a theorem for an analogous problem for approximately non-linear

Euler-Lagrange mappings.

Theorem Let X be a normed linear space, Y be a Banach space, and f: X —

Y. If there ezist 0,b: 0 <a+b < 2, and c; 2 0 such that

(1) If(z+v)+ flz = y) =2 [f(z) + F@) € e |Jll° - Il

for all z,y € X, then there czists a unique non-linear mapping N : X — Y such
that

(2) If(z) = N(z)]| < e |la]I**
and
@' N(z +y)+ N(z—y) =2 [N(z) + N(y)]

for all z,y € X, where ¢ = ¢3/(4 — 2°%%).
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Note that a mapping N : X — Y satisfying (2)’ is called Buler-Lagrange
mapping, and a mapping f : X — ¥ satisfying (1) is approzimately Euler-Lagrange

mapping.
Proof (of existence). Inequality (1) and y = = imply

(3) 47 f(22) = f(2)| S 47" o - lz|I**.
Similarly from (3) we get
(3) 472 f(2%2) = 47" f(22)]| S 47" g - 22H00 ||z

Applying triangle inequality and adding (3) and (3)" we find
4= f(2%2) — f(2)] < 472 f(2Pz) -4 - f(22)]

" ‘+‘4_1f{2x _fx
) Il )= Sl
1
£ 4=T ez Z_T{uﬂo—zj i H:I:"“'H.
=0
More generally, the following lemma holds.
Lemma 1. In space X,
n-1
(4) fla™ - f(2%x) - fl2)f) S 47" -y 3 270400 2|,
i=0

for some ¢; > 0 and for any positive integer n.

To prove Lemma 1 we work by induction on n. For n = 1, the result is obvious
from (3). We assume then that (4) holds for n = k and prove that (4) is true for
n =k + 1. Indeed from (4) and n = k and 2z = z we find

=1
I|4-k ‘f(2kz) = f(z)ﬂ < 4-1 ‘Cg- Zzu(aﬂ—?; . ||z||°'“’, or
=0

k=1
“4_“_“1 . f{gkﬂ,z) L f{2£)l| < A5 Ca+ Ezlni—l)bﬂ-b—'ﬂ . ”I"nﬂu
=0
or

k
(5) 47+ p(2MH1z) — 471 f(22)]| € 471y - 3 2OHD) . Izfj0H0



On the Stability of the Euler-Lagrange Functional Equation 187

Therefore from (3), (4), and triangle inequality we get

a2 f(2M12) — (=)
< |40 f(2412) — 471 f(22)|| + (1471 - f(22) - (=)
k
4y NHH o, or
i=0
(4) holds forn =k +1, or
k
(5) "4—(k+1) -f(ZkH:z:) _ f(I)” < 4—1 s Zgi(wb—-z) . "Inuﬂ.
i=0
It is clear that (3) and (6) yield (4), completing the proof of Lemma 1.
But

n-1 00
(7) E 2i(u+b—2] < E2i(n+b-2) = 1/(1 - 2n+b—2) = ¢,
=0 =0
because a,b: 0 <a+b< 2.
Set,
@' c=47" ¢y o= cgf(4 - 2°1).

Then Lemma 1, (7), and (7)" imply
(8) 47 f(2"2) = f(2)]| < < [l2|***

for any z € X, any positive integer n, and some ¢, > 0.

Lemma 2. The sequence {4™" - f(2"z)} converges.

To prove that the sequence {4™"- f(2"z)} is a Cauchy sequence we first use (8)
and the completeness of V. In fact, if 1 > 7 > 0, then

9) 4 f@a) -4 f(@)| = 47 OS2 B) - f(B],
where h = 27z, From (8) and (9) we get

4% f(2'z) — 477 - f(22))|
147 f(2'2) =477 - f(Pa)| < 477 -c [Pt

IA

47 e [hf*+, o

. 9ila+b-2) “I”n-l»b
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or
(10) lim 47 f(2ie) — 7 - f2I2)] =0
because a,b:0<a+b< 2.
It is obvious now from (10) and the completeness of ¥ that the sequence
{4™™ - f(2"z)} converges and therefore the proof of Lemma 2 is complete.
Set
(11) N(z) = lim(4™"- F(2"z)).

It is clear from (1) and (11) that
172"z +2") + f(2"z — 2"y) - 2[f(2"2) + F(2")IIl < ea- [12°2]° - [12°wll",
or
4" 2 (e +y)) +47" (2N —y)) — 247" f(2Pe) + 47 - F2M)])
Ser 47 2l 2yl = a2 o

or by taking limits (n — oo0)
IN(z +y)+ N(z — y) —2[N(z) + N(y)]ll =0
for any z,y € X, because a,b:0<a+b< 2 0r
N(z+y)+ N(z —y) = 2[N(z) + N(y)]

for any z,y € X. However, if we take limits on (8) we obtain (2), completing the
proof of ezistence of ¢ non-linear Euler-Lagrange mapping N : X — Y satisfying
(2).

Uniqueness. Let M : X — Y be a non-linear Euler-Lagrange mapping, such
that
(12) I1f(z) = M)l < '« [l]|***, 20,
for any z € X, where o' V' : 0 < o'+ ¥ < 2 and ¢’ is a constant. If there exisis o

non-linear Euler-Lagrange mapping N : X = Y, then

(13) N(z) = M(z)
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for anyz € X.
To prove (13) we must prove the following
Lemma 3. If (2)42), (12) and

(12) M(z +y) + M(z —y) = 2[M(z) + M(y)]
hold, then
(14) [N(z) - M(z)|| € - mo¥2. ||z]|™** 4 ¢’ mo*¥2 . |2+

forallm, foranyz € X, a,b: 0<a+b< 2, and a'\b':0<a +¥ < 2.
The required result (14) follows immediately if we use inequalities (2) and (12),
the triangle inequality and the fact that

(15) N(z)=m™-N(mz), M(z)=m"?. M(mz).
In fact,
IN(mz) - M(mz)|| < [[N(mz) - f(mz)| + [|f(mz) — M(mz)||.

Then if we apply (2), (12) and (15) we obtain inequality (14) completing the proof
Lemma 3.
It is clear now that (14) implies

Jim [N(2) - M(z)]| = 0

for any ¢ € X, and thus the proof of (13) is complete. Therefore the unigueness
part of our theorem is complete, as well.

Query. What is the situation in the above theorem in casea+b=27
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